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✽✳✷✳✶ ❑❛♥❛❧s❝❤ät③✉♥❣ ♠✐t ❚r❛✐♥✐♥❣ss❡q✉❡♥③ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✷
✽✳✷✳✷ ❑❛♥❛❧s❝❤ät③✉♥❣ ♠✐t P✐❧♦ts✐❣♥❛❧ ✐♠ ❩❡✐t❜❡r❡✐❝❤ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✸
✽✳✷✳✸ ❑❛♥❛❧s❝❤ät③✉♥❣ ♠✐t P✐❧♦ts✐❣♥❛❧ ✐♠ ❋r❡q✉❡♥③❜❡r❡✐❝❤ ✳ ✳ ✳ ✳ ✶✺✺

❆ ▼❛t❤❡♠❛t✐s❝❤❡r ❆♥❤❛♥❣ ✶✺✼

❆✳✶ ▲❡✐st✉♥❣ss♣❡❦tr✉♠ Φxx(f) ❞❡s ❦♦♠♣❧❡①❡♥
●❛✉ÿ✲Pr♦③❡ss❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✼

❆✳✷ ▲❡✐st✉♥❣ss♣❡❦tr✉♠ Φẋẋ(f) ❞❡s ❦♦♠♣❧❡①❡♥
●❛✉ÿ✲Pr♦③❡ss❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✽

❆✳✸ P❡❣❡❧ü❜❡rs❝❤r❡✐t✉♥❣sr❛t❡ n(r0) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✾
❆✳✹ ▼✐tt❧❡r❡ ❋❛❞✐♥❣❞❛✉❡r t̄F ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✵
❆✳✺ ❩✉s❛♠♠❡♥❤❛♥❣ ③✇✐s❝❤❡♥ φhShS

(τ) ✉♥❞ h(t) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✶
❆✳✻ ❩❋✲❊♥t③❡rr✉♥❣ ♠✐t ▼❙❊✲❑r✐t❡r✐✉♠ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✶
❆✳✼ ❊♥t③❡rr✉♥❣ ♠✐t ▼▼❙❊✲❑r✐t❡r✐✉♠ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✸
❆✳✽ ❖rt❤♦❣♦♥❛❧✐täts❡✐❣❡♥s❝❤❛❢t ❞❡r ❙♣❛❧t❢✉♥❦t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✻
❆✳✾ ❊♥t③❡rr✉♥❣ ✐♠ ❋r❡q✉❡♥③❜❡r❡✐❝❤ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✻
❆✳✶✵ ❙✐❣♥❛❧✈❡❦t♦r❡♥ ❜❡✐ ❧✐♥❡❛r❡r ▼♦❞✉❧❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✾
❆✳✶✶ ❙✐❣♥❛❧✈❡❦t♦r ❛♠ ❘❛②❧❡✐❣❤✲❑❛♥❛❧❛✉s❣❛♥❣ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼✵
❆✳✶✷ ▼✐tt❡❧✇❡rt ❞❡r ❱❡❦t♦r♥♦r♠❡♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼✵

❇ ❆❜❦ür③✉♥❣❡♥ ✶✼✸

▲✐t❡r❛t✉r✈❡r③❡✐❝❤♥✐s ✶✼✺
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❑❛♣✐t❡❧ ✶

❲❛❤rs❝❤❡✐♥❧✐❝❤❦❡✐ts❞✐❝❤t❡✲

❚r❛♥s❢♦r♠❛t✐♦♥

❆✉❢❣❛❜❡♥

❉✐❡ ◆❛❝❤r✐❝❤t❡♥t❡❝❤♥✐❦ ❜❡s❝❤ä❢t✐❣t s✐❝❤ ♠✐t ❞❡r Ü❜❡rtr❛❣✉♥❣ ✈♦♥ ■♥❢♦r♠❛t✐♦♥
✉♥t❡r ❞❡r ❊✐♥✇✐r❦✉♥❣ ✉♥t❡rs❝❤✐❡❞❧✐❝❤❡r ❙tör❡✐♥✢üss❡✳ ❉✐❡ ❞❛❜❡✐ ③✉ ❜❡tr❛❝❤t❡♥❞❡♥
♣❤②s✐❦❛❧✐s❝❤❡♥ ●röÿ❡♥ s✐♥❞ ♠❡✐st ❩✉❢❛❧❧ss✐❣♥❛❧❡✱ ❞✐❡ ❞✉r❝❤ ❡✐♥❡ ❲❛❤rs❝❤❡✐♥❧✐❝❤✲
❦❡✐ts❞✐❝❤t❡ ❝❤❛r❛❦t❡r✐s✐❡rt s✐♥❞✳ ❇❡✐ ❞❡r ♠❛t❤❡♠❛t✐s❝❤❡♥ ▼♦❞❡❧❧✐❡r✉♥❣ ❞❡r Ü❜❡r✲
tr❛❣✉♥❣ ✇❡r❞❡♥ ❞✐❡s❡ ♣❤②s✐❦❛❧✐s❝❤❡♥ ●röÿ❡♥ ✉♥t❡rs❝❤✐❡❞❧✐❝❤❡♥ ❖♣❡r❛t✐♦♥❡♥ ✉♥✲
t❡r✇♦r❢❡♥✱ ✇♦❞✉r❝❤ ❞✐❡ ❋r❛❣❡ ♥❛❝❤ ❞❡r ❚r❛♥s❢♦r♠❛t✐♦♥ ✈♦♥ ❲❛❤rs❝❤❡✐♥❧✐❝❤❦❡✐ts✲
❞✐❝❤t❡♥ ❡♥tst❡❤t✳ ❉❛❜❡✐ s♦❧❧❡♥ ③✇❡✐ ✇✐❝❤t✐❣❡ ❋ä❧❧❡ ❜❡tr❛❝❤t❡t ✇❡r❞❡♥✿

✭✶✮ ❩✇✐s❝❤❡♥ ❞❡r ♥❡✉❡♥ ❩✉❢❛❧❧s❣röÿ❡ ② ✉♥❞ ❞❡r ❛❧t❡♥ ❩✉❢❛❧❧s❣röÿ❡ ① ❜❡st❡❤t ❞❡r
❩✉s❛♠♠❡♥❤❛♥❣ ② = g(① )✳

✭✷✮ ❉✐❡ ♥❡✉❡ ❩✉❢❛❧❧s❣röÿ❡ ③ ✐st ❡✐♥❡ ❋✉♥❦t✐♦♥ ✈♦♥ ③✇❡✐ ✉♥❛❜❤ä♥❣✐❣❡♥ ❩✉❢❛❧❧s✲
❣röÿ❡♥ ③ = g(① , ②)✳

❆♥♠❡r❦✉♥❣✿
❉❡r ❊✐♥❢❛❝❤❤❡✐t ❤❛❧❜❡r ✇✐r❞ ♥❛❝❤❢♦❧❣❡♥❞ ❤ä✉✜❣ ❞✐❡ ❇❡③❡✐❝❤♥✉♥❣ ❉✐❝❤t❡ st❛tt
❲❛❤rs❝❤❡✐♥❧✐❝❤❦❡✐ts❞✐❝❤t❡ ✈❡r✇❡♥❞❡t✳

❲❛❤rs❝❤❡✐♥❧✐❝❤❦❡✐ts❞✐❝❤t❡ py(y)✱ ② = g(① )

❇❡st❡❤t ❞❡r ❩✉s❛♠♠❡♥❤❛♥❣ ② = g(① ) ③✇✐s❝❤❡♥ ❞❡♥ ❩✉❢❛❧❧s✈❛r✐❛❜❧❡♥ ② ✉♥❞ ① ✱
❞❛♥♥ ❧ässt s✐❝❤ ❞✐❡ ❉✐❝❤t❡ py(y) ♠✐t

py(y) =
n∑

i=1

px(xi)

|g′(xi)|
✭✶✳✶✳✶✮
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❛✉s ❞❡r ❉✐❝❤t❡ px(x) ❜❡r❡❝❤♥❡♥ ✭❬✶❪✱ ❈❤❛♣t❡r ✺✳✶ ❋✉♥❝t✐♦♥s ♦❢ ♦♥❡ r❛♥❞♦♠ ✈❛✲
r✐❛❜❧❡✮✳ ■♥ ❞✐❡s❡r ●❧❡✐❝❤✉♥❣ ❜❡③❡✐❝❤♥❡♥ xi, i = 1, . . . , n ❞✐❡ ▲ös✉♥❣❡♥ ❢ür ❡✐♥❡♥
❣❡❣❡❜❡♥❡♥ ❲❡rt y

y = g(x1) = . . . = g(xn)

✭s✐❡❤❡ ❇✐❧❞ ✶✳✶✮ ✉♥❞ g′(xi) ❞✐❡ ❆❜❧❡✐t✉♥❣❡♥ ✈♦♥ g(x) ✐♥ ❞❡♥ P✉♥❦t❡♥ xi, i =
1, . . . , n✳

x

y

1
x

y
y dy+

2
x

3
x

1 1
x dx+

2 2
x dx+

3 3
x dx+

( )xp x

( )g x

❇✐❧❞ ✶✳✶✿ ❱❡r❛♥s❝❤❛✉❧✐❝❤✉♥❣ ❞❡r ●❧❡✐❝❤✉♥❣❡♥ ✭✶✳✶✳✷✮ ❜✐s ✭✶✳✶✳✻✮

◆❛❝❤❢♦❧❣❡♥❞ ✇❡r❞❡♥ ❞✐❡ Ü❜❡r❧❡❣✉♥❣❡♥ ❞❛r❣❡st❡❧❧t✱ ❞✐❡ ③✉r ❆❜❧❡✐t✉♥❣ ✈♦♥ ●❧❡✐✲
❝❤✉♥❣ ✭✶✳✶✳✶✮ ❢ü❤r❡♥✳ ❉✐❡s❡ ❆❜❧❡✐t✉♥❣ ✐st ❤✐❧❢r❡✐❝❤✱ ✉♠ ❞✐❡ ●❧❡✐❝❤✉♥❣ ③✉ ✈❡rst❡❤❡♥
✉♥❞ ❛♥③✉✇❡♥❞❡♥✳

❋ür ❞✐❡ ❲❛❤rs❝❤❡✐♥❧✐❝❤❦❡✐t✱ ❞❛ss ② ✐♥ ❞❡♠ ■♥t❡r✈❛❧❧ y < ② ≤ y + dy ❧✐❡❣t

Pr♦❜(y < ② ≤ y + dy) = py(y)dy, ✭✶✳✶✳✷✮

❦❛♥♥ ❛✉s ❇✐❧❞ ✶✳✶ ❢♦❧❣❡♥❞❡ ❇❡③✐❡❤✉♥❣ ❛❜❣❡❧❡s❡♥ ✇❡r❞❡♥

Pr♦❜(y < ② ≤ y + dy) = Pr♦❜(x1 < ① ≤ x1 + dx1) ✭✶✳✶✳✸✮

+ Pr♦❜(x2 < ① ≤ x2 + dx2) + Pr♦❜(x3 < ① ≤ x3 + dx3),

✇♦❜❡✐ ❞✐❡ r❡❝❤t❡ ❙❡✐t❡ ❞❡r ●❧❡✐❝❤✉♥❣ ✭✶✳✶✳✸✮ ❞❡♥ s❝❤❛tt✐❡rt❡♥ ❋❧ä❝❤❡♥ ✐♥ ❇✐❧❞ ✶✳✶
❡♥ts♣r✐❝❤t✳ ❉✐❡ ❲❛❤rs❝❤❡✐♥❧✐❝❤❦❡✐t❡♥✱ ❞✐❡ ❞✉r❝❤ ❞✐❡s❡ s❝❤❛tt✐❡rt❡♥ ❋ä❝❤❡♥ ✈❡r❛♥✲
s❝❤❛✉❧✐❝❤t ✇❡r❞❡♥✱ ❜❡r❡❝❤♥❡♥ s✐❝❤ ♠✐t

Pr♦❜(x1 < ① ≤ x1 + dx1) = px(x1)dx1, ✭✶✳✶✳✹✮

Pr♦❜(x2 < ① ≤ x2 + dx2) = px(x2)dx2, ✭✶✳✶✳✺✮

Pr♦❜(x3 < ① ≤ x3 + dx3) = px(x3)dx3. ✭✶✳✶✳✻✮
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❋ür ❞❡♥ ❆♥st✐❡❣ ❞❡r ❑✉r✈❡ g(x) ✐♥ ❞❡♥ P✉♥❦t❡♥ xi, i = 1, . . . , 3 ❣✐❧t

g′(xi) =
dy

dx

∣
∣
∣
x=xi

=
dy

dxi

,

❇❡rü❝❦s✐❝❤t✐❣t ♠❛♥✱ ❞❛ss ❞❡r ❆♥st✐❡❣ g′(x) s♦✇♦❤❧ ♣♦s✐t✐✈ ❛❧s ❛✉❝❤ ♥❡❣❛t✐✈ s❡✐♥
❦❛♥♥✱ ❞❛♥♥ ❢♦❧❣t ❢ür ❜❡tr❛❣s♠äÿ✐❣ ♣♦s✐t✐✈❡ ❲❡rt❡ ✈♦♥ dxi ✉♥❞ dy ❞❡r ❩✉s❛♠♠❡♥✲
❤❛♥❣

dxi =
dy

|g′(xi)|
, i = 1, . . . , 3. ✭✶✳✶✳✼✮

❊✐♥s❡t③❡♥ ✈♦♥ ✭✶✳✶✳✹✮ ❜✐s ✭✶✳✶✳✼✮ ✐♥ ✭✶✳✶✳✸✮ ✉♥❞ ✭✶✳✶✳✷✮ ❧✐❡❢❡rt

py(y)dy =
px(x1)

|g′(x1)|
dy +

px(x2)

|g′(x2)|
dy +

px(x3)

|g′(x3)|
dy

❜③✇✳

py(y) =
px(x1)

|g′(x1)|
+

px(x2)

|g′(x2)|
+

px(x3)

|g′(x3)|
. ✭✶✳✶✳✽✮

❋ür xi, i = 1, . . . , n ❡r❤ä❧t ♠❛♥ ❞✐❡ ❚r❛♥s❢♦r♠❛t✐♦♥s❜❡③✐❡❤✉♥❣ ✭✶✳✶✳✶✮✳

❆✉❢❣❛❜❡✿

❇❡r❡❝❤♥❡♥ ❙✐❡ ❞✐❡ ❲❛❤rs❝❤❡✐♥❧✐❝❤❦❡✐ts❞✐❝❤t❡ py(y) ❢ür ❢♦❧❣❡♥❞❡ ❋ä❧❧❡✿

❛✮ ② = a① + b, px(x) = 1/x0, 0 ≤ ① ≤ x0 ✱

❜✮ ② = c① , px(x) = N (0, σ) = 1/(
√
2πσ2) exp(x2/(2σ2),

❝✮ ② = c cos(① ), px(x) = 1/(2π), 0 ≤ ① ≤ 2π✳

❲❛❤rs❝❤❡✐♥❧✐❝❤❦❡✐ts❞✐❝❤t❡ pz(z)✱ ③ = g(① , ②)

❇❡st❡❤t ❞❡r ❩✉s❛♠♠❡♥❤❛♥❣ ③ = g(① , ②) ✉♥❞ ❞✐❡ ❱❡r❜✉♥❞❞✐❝❤t❡ pxy(x, y) ✐st ❜❡✲
❦❛♥♥t✱ ❞❛♥♥ ❧❛ss❡♥ s✐❝❤ ❱❡rt❡✐❧✉♥❣s❢✉♥❦t✐♦♥ Fz(z) ✉♥❞ ❉✐❝❤t❡ pz(z) ❞❡r ❱❛r✐❛❜❧❡♥
③ ♠✐t ❢♦❧❣❡♥❞❡♥ ❆♥sät③❡♥ ❜❡r❡❝❤♥❡♥ ✭❬✶❪✱ ❈❤❛♣t❡r ✻✲✷✱ ❖♥❡ ❢✉♥❝t✐♦♥ ♦❢ t✇♦ r❛♥✲
❞♦♠ ✈❛r✐❛❜❧❡s✮

Fz(z) = Pr♦❜{③ ≤ z} = Pr♦❜{(① , ②) ∈ Dz} =
∫ ∫

Dz

pxy(x, y) dxdy, ✭✶✳✶✳✾✮

pz(z)dz = Pr♦❜{z < ③ ≤ z + dz} = Pr♦❜{(① , ②) ∈ ∆Dz}

=

∫ ∫

∆Dz

pxy(x, y) dxdy. ✭✶✳✶✳✶✵✮

■♥ ❞✐❡s❡♥ ●❧❡✐❝❤✉♥❣❡♥ ❜❡③❡✐❝❤♥❡♥ Dz ❞✐❡ ●❡s❛♠t❤❡✐t ❞❡r P✉♥❦t❡ (① , ②)✱ ❢ür ❞✐❡
❞✐❡ ❇❡❞✐♥❣✉♥❣ ③ = g(① , ②) ≤ z ❜❡st❡❤t

{③ ≤ z} = {(① , ②) ∈ Dz}, ✭✶✳✶✳✶✶✮
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✇ä❤r❡♥❞∆Dz ❞✐❡ ●❡s❛♠t❤❡✐t ❞❡r P✉♥❦t❡ (① , ②) ❜❡③❡✐❝❤♥❡t✱ ❢ür ❞✐❡ ❞✐❡ ❇❡❞✐♥❣✉♥❣
z ≤ ③ ≤ z + dz ❡r❢ü❧❧t ✐st

{z < ③ ≤ z + dz} = {(① , ②) ∈ ∆Dz}. ✭✶✳✶✳✶✷✮

❊✐♥❡ ✇❡✐t❡r❡ ▼ö❣❧✐❝❤❦❡✐t ③✉r ❇❡r❡❝❤♥✉♥❣ ✈♦♥ pz(z) ❡①✐st✐❡rt✱ ✇❡♥♥ ① ✉♥❞ ② ❞✐❡
❑♦♠♣♦♥❡♥t❡♥ ❡✐♥❡s ③✇❡✐❞✐♠❡♥s✐♦♥❛❧❡♥ ❩✉❢❛❧❧s✈❡❦t♦rs s✐♥❞ ✉♥❞ ❞✐❡ ❱❡r❜✉♥❞❞✐❝❤t❡
pxy(x, y) ❜❡❦❛♥♥t ✐st✳ ▼❛♥ ❜❡r❡❝❤♥❡t ❞❛♥♥ ③✉♥ä❝❤st ❞✐❡ ❱❡r❜✉♥❞❞✐❝❤t❡ pzϕ(z, ϕ)
❞❡r ❩✉❢❛❧❧s✈❛r✐❛❜❧❡♥

③ = g(① , ②), ϕ = h(① , ②), ✭✶✳✶✳✶✸✮

❛✉s ❞❡r s✐❝❤ ❛❧s ❞❛♥♥ ❛❧s ❘❛♥❞✈❡rt❡✐❧✉♥❣ ❞✐❡ ❣❡s✉❝❤t❡ ❉✐❝❤t❡ pz(z) ❣❡✇✐♥♥❡♥ ❧ässt

pz(z) =

∫ ∞

−∞
pzϕ(z, ϕ) dϕ. ✭✶✳✶✳✶✹✮

❉✐❡ ❱❡r❜✉♥❞❞✐❝❤t❡ pzϕ(z, ϕ) ❜❡r❡❝❤♥❡t s✐❝❤ ❞✉r❝❤ ❱❡r❛❧❧❣❡♠❡✐♥❡r✉♥❣ ❞❡r ❚r❛♥s✲
❢♦r♠❛t✐♦♥s❣❧❡✐❝❤✉♥❣ ✭✶✳✶✳✶✮ ❛✉❢ ③✇❡✐ ❱❛r✐❛❜❧❡♥ ♠✐t ❬✶❪✱

pzϕ(z, ϕ) =
n∑

i=1

pxy(xi, yi)

|❏(xi, yi)|
, ✭✶✳✶✳✶✺✮

✇♦❜❡✐ ❏(x, y) ❞✐❡ s♦❣❡♥❛♥♥t❡ ❏❛❝♦❜✐✲❉❡t❡r♠✐♥❛♥t❡ ❜❡③❡✐❝❤♥❡t

❏(x, y) =

∣
∣
∣
∣

∂z/∂x ∂z/∂y
∂ϕ/∂x ∂ϕ/∂y

∣
∣
∣
∣
=

∣
∣
∣
∣

∂x/∂z ∂x/∂ϕ
∂y/∂z ∂y/∂ϕ

∣
∣
∣
∣

−1

. ✭✶✳✶✳✶✻✮

❆✉❢❣❛❜❡✿

❇❡r❡❝❤♥❡♥ ❙✐❡ ❞✐❡ ❲❛❤rs❝❤❡✐♥❧✐❝❤❦❡✐ts❞✐❝❤t❡♥ ❢ür ❞✐❡ ♥❛❝❤❢♦❧❣❡♥❞ ❣❡❣❡❜❡♥❡♥ ❩✉✲
❢❛❧❧s✈❛r✐❛❜❧❡♥✳ ❉✐❡ ❩✉❢❛❧❧s✈❛r✐❛❜❧❡♥ ① ✉♥❞ ② ✇❡r❞❡♥ ✐♠♠❡r ❛❧s ✈♦♥❡✐♥❛♥❞❡r ✉♥✲
❛❜❤ä♥❣✐❣ ❛♥❣❡♥♦♠♠❡♥✱ s♦❞❛ss

pxy(x, y) = px(x)py(y) ✭✶✳✶✳✶✼✮

❣✐❧t✳

❛✮ ③ = ① + ②

▲ös✉♥❣s❤✐♥✇❡✐s✿
❇❡♥✉t③❡♥ ❙✐❡ ●❧❡✐❝❤✉♥❣ ✭✶✳✶✳✶✵✮ ✉♥❞ ✭✶✳✶✳✶✼✮✳ ❉❛s ●❡❜✐❡t ∆Dz ✐st ❞❡r ✐♥
❇✐❧❞ ✶✳✷ ❞❛r❣❡st❡❧❧t❡ ❙tr❡✐❢❡♥ ♠✐t ❞❡r ❇r❡✐t❡ dx = dz✳ ❇❡❛❝❤t❡♥ ❙✐❡ ✇❡✐t❡r❤✐♥✱
❞❛ss ❢ür ❡✐♥❡♥ ❣❡❣❡❜❡♥❡♥ ❲❡rt z ❞✐❡ ❱❛r✐❛❜❧❡ x ❞✉r❝❤ ❞❡♥ ❲❡rt z−y ❡rs❡t③t
✇❡r❞❡♥ ❦❛♥♥✳
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x
y
z

+

=

x
y
z
dz

+

=

+

x

y

dy

dx dz=

zDD

❇✐❧❞ ✶✳✷✿ ❱❡r❛♥s❝❤❛✉❧✐❝❤✉♥❣ ❞❡s ●❡❜✐❡t❡s ∆Dz

❜✮ ③ =
√

① 2 + ②2, px = py = N (0, σ), pxy(x, y) = px(x)py(y)

▲ös✉♥❣s❤✐♥✇❡✐s✿
❇❡♥✉t③❡♥ ❙✐❡ ③✉♥ä❝❤st ●❧❡✐❝❤✉♥❣ ✭✶✳✶✳✶✵✮ ✉♥❞ ❜❡❛❝❤t❡♥ ❙✐❡✱ ❞❛ss ❞✐❡ ❱❡r✲
❜✉♥❞✇❛❤rs❝❤❡✐♥❧✐❝❤❦❡✐ts❞✐❝❤t❡ pxy(x, y) = px(x)py(y) ❡✐♥❡ ❑r❡✐ss②♠♠❡tr✐❡
❜❡s✐t③t ✉♥❞ ❞❛❤❡r ✐♥ ❞❡♠ ■♥t❡❣r❛t✐♦♥s❣❡❜✐❡t ∆Dz ✭s✐❡❤❡ ❇✐❧❞ ✶✳✸✮ ❦♦♥st❛♥t
✐st✳ ❇❡stät✐❣❡♥ ❙✐❡ ❞❛♥♥ ❞❛s ❡r③✐❡❧t❡ ❊r❣❡❜♥✐s ♠✐t ❍✐❧❢❡ ❞❡r ●❧❡✐❝❤✉♥❣❡♥
✭✶✳✶✳✶✸✮ ❜✐s ✭✶✳✶✳✶✻✮✳ ❱❡r✇❡♥❞❡♥ ❙✐❡ ❢ür ❞✐❡ ❇❡r❡❝❤♥✉♥❣ ❞❡r ❱❡r❜✉♥❞❞✐❝❤t❡
pzϕ(z, ϕ) ❞✐❡ ❇❡③✐❡❤✉♥❣ ϕ = arctan(②/① )✳ ❉✐❡ ❱❛r✐❛❜❧❡♥ ③ ✉♥❞ ϕ s✐♥❞ ❞❛♥♥
P♦❧❛r❦♦♦r❞✐♥❛t❡♥✳

❝✮ ③ =
√

① 2 + ②2, px = py = N (m, σ), m 6= 0, pxy(x, y) = px(x)py(y)

▲ös✉♥❣s❤✐♥✇❡✐s✿
❱♦r❣❡❤❡♥s✇❡✐s❡ ✇✐❡ ✉♥t❡r ❆✉❢❣❛❜❡ ❜✮ ✉♥❞ ❜❡♥✉t③❡♥ ❙✐❡ ❞❛s ♥❛❝❤❢♦❧❣❡♥❞❡
❜❡st✐♠♠t❡ ■♥t❡❣r❛❧

∫ 2π

0

exp
(
p(cos x+ sin x)

)
dx = 2π■0(

√
2 p), ✭✶✳✶✳✶✽✮

✇♦❜❡✐ ■0(·) ❞✐❡ ♠♦❞✐✜③✐❡rt❡ ❇❡ss❡❧✲❋✉♥❦t✐♦♥ ✵✲t❡r ❖r❞♥✉♥❣ ❜❡③❡✐❝❤♥❡t✳
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r dz

x

y
2 2 2z x y= +

z
DD

❇✐❧❞ ✶✳✸✿ ❱❡r❛♥s❝❤❛✉❧✐❝❤✉♥❣ ❞❡s ●❡❜✐❡t❡s ∆Dz

❑♦♠♣❧❡①❡r ●❛✉ÿ✲Pr♦③❡ss ③ (t) = ① (t) + ❥ ②(t)

❉❡r ❦♦♠♣❧❡①❡ ●❛✉ÿ✲Pr♦③❡ss ③ (t) = ① (t) + ❥ ②(t) ✜♥❞❡t ❢ür ❞✐❡ ♠❛t❤❡♠❛t✐s❝❤❡
▼♦❞❡❧❧✐❡r✉♥❣ ❞❡s ▼♦❜✐❧❢✉♥❦❦❛♥❛❧s ❱❡r✇❡♥❞✉♥❣✳ ❉❛❤❡r s♦❧❧❡♥ ❡✐♥✐❣❡ ❊✐❣❡♥s❝❤❛❢✲
t❡♥ ❞✐❡s❡s ●❛✉ÿ✲Pr♦③❡ss❡s ♥ä❤❡r ✉♥t❡rs✉❝❤t ✇❡r❞❡♥✳ ❉❛❜❡✐ ✇❡r❞❡♥ ❢ür ① (t) ✉♥❞
②(t) ❢♦❧❣❡♥❞❡ ❆♥♥❛❤♠❡♥ ❣❡tr♦✛❡♥✿

• ❣❧❡✐❝❤❡ st❛t✐st✐s❝❤❡ ❊✐❣❡♥s❝❤❛❢t❡♥✱

• st❛t✐♦♥är ✐♠ ✇❡✐t❡r❡♥ ❙✐♥♥

E[① (t)] = E[②(t)] = 0, ✭✶✳✶✳✶✾✮

E[① (t)① (t+ τ)] = E[②(t)②(t+ τ)] = φxx(τ) = φyy(τ) = φ(τ), ✭✶✳✶✳✷✵✮

• ♥♦r♠❛❧✈❡rt❡✐❧t ✭❣❛✉ÿ✈❡rt❡✐❧t✮ ✉♥❞ ✉♥❛❜❤ä♥❣✐❣ ✈♦♥❡✐♥❛♥❞❡r

px(x) = py(y) = N (0, σ), ✭✶✳✶✳✷✶✮

pxy(x, y) = px(x)py(y) =
1

2πσ2
exp

(x2 + y2

2σ2

)

. ✭✶✳✶✳✷✷✮

❇❡s❝❤r❡✐❜t ♠❛♥ ❞❡♥ ❦♦♠♣❧❡①❡♥ ●❛✉ÿ✲Pr♦③❡ss ✐♥ P♦❧❛r❦♦♦r❞✐❛t❡♥✱ ❞❛♥♥ ❣✐❧t

③ (t) = ① (t) + ❥ ②(t) = r(t) e❥ϕ(t) ✭✶✳✶✳✷✸✮

♠✐t ❞❡♥ ❇❡③✐❡❤✉♥❣❡♥

r(t) =
√

① 2(t) + ②2(t), ✭✶✳✶✳✷✹✮

ϕ(t) = arctan(②/① ). ✭✶✳✶✳✷✺✮
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❉✐❡ ❉✐❝❤t❡♥ pr,ϕ(r, ϕ)✱ pr(r) ✉♥❞ pϕ(ϕ) ❧❛ss❡♥ s✐❝❤ ❛✉s ❞❡♥ ❊r❣❡❜♥✐ss❡♥ ✭✶✳✷✳✹✷✮✱
✭✶✳✷✳✹✸✮ ✉♥❞ ✭✶✳✷✳✹✹✮ ✈♦♥ ❆✉❢❣❛❜❡ ✶✳✶✳✷ ❝✮ ü❜❡r♥❡❤♠❡♥✿

prϕ(r, ϕ) =
r

2πσ2
e−r2/(2σ2), r ≥ 0, ✭✶✳✶✳✷✻✮

pr(r) =
r

σ2
e−r2/(2σ2), r ≥ 0, ✭✶✳✶✳✷✼✮

pϕ(ϕ) =
1

2π
, 0 ≤ ϕ < 2π. ✭✶✳✶✳✷✽✮

❆✉❢❣❛❜❡✿

❋ür ❞✐❡ ❇❡r❡❝❤♥✉♥❣ ❞❡r P❡❣❡❧ü❜❡rs❝❤r❡✐t✉♥❣sr❛t❡ ✉♥❞ ❞❡r ♠✐tt❧❡r❡♥ ❋❛❞✐♥❣❞❛✉❡r
✐♥ ❡✐♥❡♠ ❘❛②❧❡✐❣❤✲❑❛♥❛❧ ✇✐r❞ ❞✐❡ ❱❡r❜✉♥❞❞✐❝❤t❡ p(r, ṙ) ❜❡♥öt✐❣t✳ ❉✐❡s❡ ❱❡r❜✉♥❞✲
❞✐❝❤t❡ s♦❧❧ ♥❛❝❤❢♦❧❣❡♥❞ ✐♥ ♠❡❤r❡r❡♥ ❙❝❤r✐tt❡♥ ❛❜❣❡❧❡✐t❡t ✇❡r❞❡♥✳

❛✮ ❲❡❧❝❤❡ ❆✉ss❛❣❡ ❧ässt s✐❝❤ ü❜❡r ❞✐❡ ❉✐❝❤t❡❢✉♥❦t✐♦♥ ❞❡r Pr♦③❡ss❡ ①̇ (t) ✉♥❞
②̇(t) tr❡✛❡♥✱ ✇❡♥♥ ① (t) ✉♥❞ ②(t) ●❛✉ÿs❝❤❡ Pr♦③❡ss❡ s✐♥❞❄

❜✮ ❲❡❧❝❤❡ ❆✉ss❛❣❡ ❢♦❧❣t ❛✉s ❛✮ ❢ür ❞✐❡ ❜❡❞✐♥❣t❡ ❉✐❝❤t❡ pṙ(ṙ|ϕ)❄ ❩✉r ❇❡❛♥t✇♦r✲
t✉♥❣ ❞✐❡s❡r ❋r❛❣❡ ❦ö♥♥❡♥ ❙✐❡ ✭✶✳✶✳✷✹✮ ♥❛❝❤ t ❛❜❧❡✐t❡♥ ✉♥❞ ❞✐❡ ❇❡③✐❡❤✉♥❣❡♥

cosϕ =
x

√

x2 + y2
=

x

r
, sinϕ =

y
√

x2 + y2
=

y

r
.

❜❡♥✉t③❡♥✳

❝✮ ❇❡r❡❝❤♥❡♥ ❙✐❡ ❞✐❡ ❜❡❞✐♥❣t❡♥ ▼✐tt❡❧✇❡rt❡ E[ṙ |ϕ] ✉♥❞ E[ṙ 2|ϕ]✦
❉✐❡ ❲❡rt❡ E[ṙ |ϕ] ✉♥❞ E[ṙ 2|ϕ] ✇❡r❞❡♥ ③✉r ❇❡r❡❝❤♥✉♥❣ ❞❡r ❱❡r❜✉♥❞❞✐❝❤t❡
pṙr(ṙ, r) ❣❡❜r❛✉❝❤t✳ ❇❡♥✉t③❡♥ ❙✐❡ ❢ür ❞✐❡ ❇❡r❡❝❤♥✉♥❣ ❞✐❡ ❊r❣❡❜♥✐ss❡ ✈♦♥ ❛✮
✉♥❞ ❜✮✱ s♦✇✐❡ ❞❡♥ ❩✉s❛♠♠❡♥❤❛♥❣

σ2
ẋ =

∫ fm

−fm

Φẋẋ(fd) dfd =
4πσ2

fm

∫ fm

−fm

f 2
d dfd

√

1− (fd/fm)2
, ✭✶✳✶✳✷✾✮

❞❡r ✐♥ ❆♥❤❛♥❣ ❆✳✷ ❛❜❣❡❧❡✐t❡t ✇✐r❞ ✭✭❆✳✷✳✶✺✮✮✳ ■♥ ❞✐❡s❡r ●❧❡✐❝❤✉♥❣ ❜❡③❡✐❝❤✲
♥❡♥ Φẋẋ(fd) ❞❛s ▲❡✐st✉♥❣ss♣❡❦tr✉♠ ❞❡s Pr♦③❡ss❡s ẋ(t)✱ fd ❞✐❡ ❉♦♣♣❧❡r✲
❋r❡q✉❡♥③ ✉♥❞ fm ❞✐❡ ♠❛①✐♠❛❧❡ ❉♦♣♣❧❡r✲❋r❡q✉❡♥③✳ ❋ür ❞✐❡ ❇❡r❡❝❤♥✉♥❣ ❞❡s
■♥t❡❣r❛❧s ❣✐❧t

∫
x2 dx√
a2 − x2

= −x

2

√
a2 − x2 +

a2

2
arcsin

x

a
. ✭✶✳✶✳✸✵✮

✭❬✸❪✱ ❑❛♣✐t❡❧ ■■■✱ ❚❛❜❡❧❧❡ ✉♥❜❡st✐♠♠t❡r ■♥t❡❣r❛❧❡✮✳

❞✮ ❲❡❧❝❤❡ ❆✉ss❛❣❡ ❢♦❧❣t ❛✉s ❜✮ ✉♥❞ ❝✮ ❢ür ❞✐❡ ❉✐❝❤t❡ pṙ(ṙ|r)❄
❡✮ ❇❡r❡❝❤♥❡♥ ❙✐❡ ❞✐❡ ❉✐❝❤t❡ pṙr(ṙ, r) ✉♥t❡r ❱❡r✇❡♥❞✉♥❣ ❞❡r ❇❡③✐❡❤✉♥❣

pṙr(ṙ, r) = pṙ(ṙ|r)pr(r) ✭✶✳✶✳✸✶✮

s♦✇✐❡ ❞❡r ❘❛②❧❡✐❣❤✲❉✐❝❤t❡ ♥❛❝❤ ●❧❡✐❝❤✉♥❣ ✭✶✳✷✳✸✾✮ ❢ür pr(r)✱ ❞✐❡ ✐♥ ❆✉❢❣❛❜❡
✶✳✶✳✷ ❜✮ ❛❜❣❡❧❡✐t❡t ✇✐r❞✳
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▲ös✉♥❣❡♥

❲❛❤rs❝❤❡✐♥❧✐❝❤❦❡✐ts❞✐❝❤t❡ py(y)✱ ② = g(① )

❛✮ ② = a① + b✿
❉✐❡ ●❧❡✐❝❤✉♥❣ y = g(x) = ax+ b ❤❛t ❡✐♥❡ ▲ös✉♥❣ x = (y − b)/a ❢ür ❛❧❧❡ y✳
▼✐t g′(x) = a ❢♦❧❣t ❞❛r❛✉s ♠✐t ✭✶✳✶✳✶✮

py(y) =
1

a
px
(y − b

a

)
. ✭✶✳✷✳✸✷✮

❋ür px(x) = 1/x0, 0 ≤ ① ≤ x0 ❡r❤ä❧t ♠❛♥ ❞✐❡ ▲ös✉♥❣

py(y) =
1

ax0

, b ≤ y ≤ ax0 + b. ✭✶✳✷✳✸✸✮

❜✮ ② = c① ✿
❉✐❡ ●❧❡✐❝❤✉♥❣ y = g(x) = cx ❤❛t ❡✐♥❡ ▲ös✉♥❣ x = y/c✳ ▼✐t g′(x) = c ❢♦❧❣t
❞❛r❛✉s

py(y) =
1

|c| px
(y

c

)
. ✭✶✳✷✳✸✹✮

❋ür px(x) = N (0, σ) ❡r❤ä❧t ♠❛♥ ❞✐❡ ▲ös✉♥❣

py(y) =
1

|c|
1√
2πσ2

exp(
(y/c)2

2σ2
)

=
1

√

2π(cσ)2
exp(

y2

2(cσ)2
) = N (0, |c|σ). ✭✶✳✷✳✸✺✮

❝✮ ② = c cos(① )✿
❋ür |y| > 1 ❜❡s✐t③t ❞✐❡ ●❧❡✐❝❤✉♥❣ y = g(x) = c cos(x) ❦❡✐♥❡ ▲ös✉♥❣✱ ✉♥❞
❡s ❣✐❧t py(y) = 0✳ ❋ür |y| ≤ 1 ❡①✐st✐❡r❡♥ ✐♥ ❞❡♠ ❇❡r❡✐❝❤ 0 ≤ x < 2π ③✇❡✐
▲ös✉♥❣❡♥ ✭s✐❡❤❡ ❇✐❧❞ ✶✳✹✮

xi = arccos(
y

c
), i = 1, 2. ✭✶✳✷✳✸✻✮

❲❡✐t❡r❤✐♥ ❣✐❧t

g′(x) = −c sin(x) = −c
√

1− cos2(x)

= −c
√

1− (y/c)2 =
√

c2 − y2.

✉♥❞ ♠❛♥ ❡r❤ä❧t ❛❧❧❣❡♠❡✐♥

py(y) =
1

√

c2 − y2

(
px(x1) + px(x2)

)
, |y| ≤ 1.

❋ür ❞❡♥ ❋❛❧❧ px(x) = 1/(2π), 0 ≤ x < 2π ❡r❣✐❜t s✐❝❤ ❞❛♥♥

py(y) =
1

√

c2 − y2

( 1

2π
+

1

2π

)
=

1

πc
√

1− (y/c)2
, |y| ≤ 1. ✭✶✳✷✳✸✼✮


